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TOPOLOGICAL PROPERTIES OF SOUSLIN SUBSETS

BY
R. W. HANSELL

ABSTRACT. Let X be a subparacompact regular space such that the projec-
tion map p: X Xx P — X, where P is the space of irrational numbers, preserves
collections of sets having a o-locally finite refinement. It is shown that p then
preserves generalized Fs-sets. It follows that, if X has any tpological property
which is hereditary with respect to generalized Fy-sets, then every Souslin sub-
set of X will also have this property in the relative topology. Such topological
properties include nearly all covering properties (paracompactness, metacom-
pactness, etc.), as well as normality, collectionwise normality, and the Lindelof
property. We show that the above mapping property will hold whenever X is a
P(w)-space, thus, in particular, when X is any Souslin (hence any Baire) sub-
set of a compact space crossed with a metrizable space. Additional topological
properties of Souslin subsets, such as topological completeness, realcompact-
ness, z-embeddedness, and the properties of being a P-space or ¥-space, are
also considered.

1. Introduction. It is a well known fact that many (if not most) topological
properties are hereditary with respect to F,-subsets. This is true, for example, with
nearly all covering properties (such as paracompactness, metacompactness, etc.),
and also for such familiar properties as normality, collectionwise normality, and the
Lindelof property. Standard examples can be used to show that one cannot, in
general, expect these properties to be hereditary with respect to F,s-subsets (see
2.14 below). However, a fact that seems to be less well known, and one that is
pivotal for the present paper, is that these properties continue to be hereditary
with respect to the wider collection of “generalized F,-subsets” (see 2.1 below for
the definition).

Here our aim is to investigate the problem of when such topological properties
are hereditary with respect to all Souslin subsets (i.e., subsets generated from the
closed sets via the (A)-operation of Souslin). Our results show, in particular, that
this will hold true for the class of all subparacompact (or strong) X-spaces. This
important class of spaces recently emerged as the natural setting for a general
theory of K-analytic sets [5, 6], and can be characterized as the images of metrizable
spaces under upper semicontinuous compact-valued maps that preserve o-discretely
decomposable collections.

One possible solution to the above problem, in view of our foregoing remarks,
would be to determine conditions under which all Souslin subsets of a space are
generalized F,-subsets. This is in fact the approach we take, and we are led in
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a natural way to the concept of a P-space due to K. Morita [13] (see 2.3 for the
definition). In 2.10 we prove

THEOREM 1. Let X be a subparacompact P(w)-space. Then every Souslin sub-
set of X 1s a generalized F,-set in X. Consequently, if P is any topological property
that vs hereditary with respect to generalized F,-subsets and X belongs to P, then
every Soushn subset of X belongs to P.

By a topological space we will always mean a regular space.

In [3, §9] a study was made of topological properties inherited by all Baire
subsets (i.e., members of the smallest o-algebra containing the zero-sets) of certain
topological spaces. Since all Baire sets are Souslin sets, the following result can
be viewed as a complement and partial extension of Theorem 9.10 of [3] (see 2.12
below for the proof).

THEOREM 2. Let X be a completely regular Hausdorff space and let S be a
Souslin subset of X.

(a) If X 1is realcompact, then S is realcompact.

(b) If X 1s topologically complete, then S 1is topologically complete (in the sense
of having a complete uniformaity).

(¢) If X is a P(w)-space and X 1is either Lindeldf, or paracompact, or normal
and subparacompact, then S will be a P(w)-space having the respective property.
(See also Theorem 7 below.)

Generalized F,-sets often inherit topological properties in a strong way (cf. [9, p.
836]). In particular, we say that a subspace S of a topological space X is subpara-
compact in X provided any cover of S by open sets in X has a partial refinement
by a closed and o-discrete (equivalently, o-locally finite) collection relative to the
space X, and which covers S. (Recall that in a “partial” refinement, the union of
the refining family need not be equal to the union of the original family.) In 2.2
below we prove

THEOREM 3. Let X be any (regular) space. Then (a) and (b) of the following
are equivalent for any subspace S of X, and both are implied by (c).

(a) S is subparacompact in X.

(b) S is (relatively) subparacompact and a generalized F,-set in X.

(¢) S s a generalized F,-set in X and X s subparacompact.

Property (a) of Theorem 3 recently emerged as an important concept in a study of
non-Lindelof K-analytic sets (see, in particular, §4 of [5]). Its usefulness here stems
from the equivalence in Theorem 3 and the following theorem on the preservation
of this property (see 2.5 for the proof).

THEOREM 4. Let F: X — Y be an upper semicontinuous set-valued map with
F(z) a Lindelof set in the space Y for each z wn X. Suppose F' maps closed dis-
crete collections in X to collections that have a o-locally finite refinement i Y.
Then, for any subspace S of X, if S s subparacompact in X, the image F(S) s
subparacompact in 'Y .

Although the full generality of Theorem 4 will be useful elsewhere, here we
are primarily interested in determining conditions under which the projection map
X x P — X, parallel to the space P of irrational numbers, is index-o-locally finite
(see 2.4 for this definition), so that the conclusion of Theorem 4 will hold for this
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map. Indeed, since the Souslin subsets of a space X are precisely the projections of
the closed sets of X x P, Theorem 1 will be an immediate consequence of Theorems
3 and 4 in view of the following theorem (see 2.7 for the proof).

THEOREM 5. Let X be a P(w)-space and Y a Lindelof L-space. Then the
projection map p: X X Y — X 1is indez-o-locally finite. If, in addition, X 1s sub-
paracompact, then p maps generalized F,-sets in X XY to generalized F,-sets in

X.

The assumptions in Theorem 5 on the spaces X and Y are to a large extent also
necessary for the conclusion to hold. For example, if I is the unit interval and D is
an uncountable discrete space, then the projection map I x D — [ fails to preserve
even o-discrete sets. Thus we cannot omit the assumption that Y is Lindelof. Also,
if M is the “Michael line” space [10] (a hereditarily paracompact non-P(w)-space),
then the projection map M x P — M is not index-o-locally finite (see 2.8 below).
In fact, we prove below in 2.9 the following partial converse of Theorem 5.

THEOREM 6. Suppose for all subspaces Y of P the projection map X XY — X
15 indez-o-locally finite, and X XY s subparacompact. Then X s a subparacompact
P(w)-space.

As a particular consequence of the above results we state the following portman-
teau theorem on the topological properties of Souslin sets in X-space (in particular,
Souslin subsets of compact spaces crossed with metrizable spaces).

THEOREM 7. Let X be a T-space and S a Souslin subset of X. Then the
following hold.

(a) S is a E-space.

(b) If X is completely regular Hausdorff, then S 1s realcompact or topologically
complete whenever X has the respective property (X need not be a X-space in thas
case).

(c) If, additionally, X is subparacompact (i.e., X is a strong Z-space), then S
is a generalized Fy-set in X. Consequently, in this case, «f X has any one of
the following topological properties, then so will S : Lindelof, paracompact, nor-
mal, subparacompact, metacompact, submetacompact, countably paracompact and
normal, para-Lindelof and normal, and collectionwise normal.

REMARK. Part (a) of Theorem 7 was first shown by K. Nagami in the special
case when S is an F,s-set or when S is a Borel set and X is perfectly normal (cf.
3.5, 3.9, and 3.20 of [14]).

Our final theorem deals with the descriptive nature of Souslin sets in ¥-spaces
and, more generally, P(w)-spaces.

THEOREM 8. Let X be a subparacompact P(w)-space and let S be a Souslin
subset of X.

(a) If S is a Gs-set in X [and X is normal], then S is an F,s-set in X [respec-
tively, a countable intersection of cozero-sets in X|.

(b) If S is an open set in X [and X s normal|, then S is an Fy-set in X
[respectively, a cozero-set in X|.

(c) If every open set of X s a Souslin set, then X is perfect (i.e., all open sets
m X are F,-sets).
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(d) If X is normal, then the zero-sets [and hence the Baire sets| of S are precisely
the intersections of zero-sets [Baire sets| of X with S; in particular, S is z-embedded
m X.

REMARK. The assumption in part (c¢) is sometimes made in place of the stronger
assumption that the space is perfect (e.g., see Theorems 5.8.10, 5.8.11, and 5.9.2 of
[7]). The result (c) shows that this assumed generality may often be illusory.

In a perfectly normal space, the Borel and Baire sets are the same. An old
problem of M. Katetov asks whether a normal space in which the Borel and Baire
sets coincide must be perfect. Part (c) of the above theorem gives an affirmative
answer in the case of a subparacompact P(w)-space.

2. Definitions and proofs.

2.1. Generalized F,-sets. Following [9] we call a subset S of a topological space X
a generalized F,-subset if, whenever S C U and U is open in X, then S C F C U for
some F,-set F'in X. This concept is due to Y. Smirnov who used the term “normally
placed set” (see [4, p. 84] for the reference and an outline of basic results). It is
known that normality, collectionwise normality, and nearly all covering properties
are hereditary with respect to F,-subsets (see [4 and 2, Theorem 7.1]), and it is
an easy exercise to show that this continues to hold for generalized Fj,-subsets. As
noted in the introduction, such subsets often inherit a property in a strong way as
exemplified by Theorem 3.

2.2. PROOF OF THEOREM 3. Let X be a (regular) space, and suppose S is a
generalized F,-subset of X that is subparacompact in its relative topology. Let U
be a cover of S by open sets of X. By regularity, let V be a cover of S by open sets
of X whose closures form a partial refinement of U. Since S is subparacompact, we

have -
s={JU¥m),
n=1

where each ¥(n) is a closed and discrete collection in S which partially refines V.
Fix n, and for each z in S choose an open set W (z) in X such that z € W(z) c UV,
and W (z) meets at most one member of ¥(n). Let V(n) denote the union of the
sets W(z), for all z in S, and note that ¥(n) is discrete relative to the subspace
V(n). Since S is a generalized F,-set in X, there is an F,-set F(n) such that
S C F(n) C V(n). Let F(n) = U,._, F(n,m), where each F(n,m) is closed in X.
It follows that
{F(n,m)NF:Fin X(n), m=1,2,...}

is a closed and o-discrete collection in X which partially refines Y. Doing this for
each n we obtain the desired o-discrete partial refinement of U, proving that S is
subparacompact in X. This proves (b) — (a).

Conversely, suppose S is subparacompact in X and let V be an open set in X
containing S. By assumption, {V'} has a partial refinement ¥, where ¥ is a closed
o-discrete collection in X which covers S. It follows that J ¥ is a Fy-subset of X
satisfying S C |JX C V. This proves (a) — (b).

To show that (c) — (a), assume (c) and let U be a cover of S by open sets in
X. We can choose an F,-set F in X such that S ¢ F c JU. If F = U,—, F(n),
where each F(n) is closed in X, then F(n) is subparacompact and so is the union
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of a o-discrete collection of closed sets in X which partially refines U. Doing this
for each F(n) provides the necessary o-discrete partial refinement of §. O
2.3. P-spaces and X-spaces. Let k be a nonzero cardinal. A space X is said to
be a P(k)-space if, given any set A of cardinality k and an open cover of X of the
form
{V(a,...,an):a;in A, n=1,2,...}

where
Viat,...,an) CV(ay,...,an,ans1)

whenever ay,...,an4+; belong to A, then there is a closed cover
{H(a1,...,an):a;in A, n=1,2,...}

of X such that
(i) H(ay,...,an) CV(ay,...,a,), for all aj,...,a, in A, and
(ii) if (ar) is any sequence in A, then

oo e o]
UV(al,...,an)zX implies UH(al,...,an):X.
n=1 n=1

A space is a P-space if it is a P(k)-space for all cardinals k > 0. In spite of
the technical difficulty in the definition, this concept (due to K. Morita [13]) is
often characteristic of spaces whose products with metrizable (or ¥-) spaces have
a certain topological property (cf. (2, 8, 13]). We will make use of the fact that,
if in the definition of a P(k)-space we assume only that the sets H(ay,...,a,) are
Fs-sets in X rather than closed sets, the resulting class of spaces is the same [13,
Lemma 3.1]. It follows that all perfect spaces are P-spaces.

Another important class of P-spaces are the Z-spaces first defined by K. Nagami
[14]. A space X is a X-space if there is a o-locally finite closed collection ¥ in X
and a cover C of X by closed countably compact sets such that, if C C G, where
C belongs to C and G is open in X, then C C F C G for some F in 7. If the
members of C are compact, then X is said to be a strong X-space. E. Michael [11]
has observed that the strong X-spaces coincide with the subparacompact ¥-spaces.
This class of spaces forms a natural extension of both the metrizable and compact
spaces.

2.4. Indez-o-locally finite and related maps. We will only summarize the defi-
nition of these maps and refer the reader to [12] for the details and background.
A map f: X — Y of topological spaces (not necessarily single-valued) is said to
be refinement-o-locally finite [respectively, base-o-locally finite] if, whenever & is
locally finite in X, then f(&) has a o-locally finite refinement |base] in Y; if, in
addition, {f(E): E in £} is always a point-countable family, then f is said to be
index-o-locally finite. The three concepts coincide if the set {z € X: f(z)N{y} # 0}
is a Lindelof set in X for each y in Y [12, Proposition 4.4]. It can be shown that a
space is a subparacompact ¥-space iff X is the image of a metrizable space under a
compact-valued upper semicontinuous map having any one of the above three map-
ping properties. (If the metrizable space is also complete, we obtain the concept of
a K-analytic space—see [5, Theorem 1].)

2.5. PROOF OF THEOREM 4. Suppose F:X — Y is upper semicontinuous,
with F(z) a Lindeldf subspace of the (regular) space Y for each z in X; and let S
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be subparacompact in X. Let U be any cover of F|(S) by open sets of Y, and use
regularity to obtain an open collection V whose closures refine . Let V* denote
the family of all unions of countable subcollections of V. The assumptions on F
now imply that the sets {x € X: F(z) C V}, for V in V*, form an open cover of S
in X. Since S is subparacompact in X, this cover of S has a partial refinement of
the form (J;° ; ¥n, where each ¥,, is a closed discrete collection in X, and together
they cover S. By assumption, F(¥,,) has a o-locally finite refinement in Y, for each
n, and together these yield a o-locally finite collection € in Y which covers F(S)
and partially refines V*. Now for each E in € choose a sequence (V(E,n)) in V
that covers F, and observes that

{ENV(E,n):Ein €, andn=1,2,...}

will be a closed o-locally finite family in ¥ which covers F(S) and partially refines
U. This proves that F(S) is subparacompact in Y. O

2.6. COROLLARY. Let X be a subparacompact space and F: X — Y an upper
semicontinuous map onto the space Y with F(z) Lindelof for each x in X. Suppose
F 1s refinement-o-locally finite. Then:

(a) Y is subparacompact, and F maps generalized F,-sets in X to generalized
F,-sets in Y,

(b) +f F has compact values and X 1s a P(k)-space, then' Y is a P(k)-space.

PROOF. Part (a) is an immediate consequence of Theorems 3 and 4. To prove
(b), let A be a set of cardinality k > 0, and suppose Y is covered by open sets
V(aln) = V(ay,...,a,) as in the definition of a P(k)-space (2.3). If the set of all
sequences a = (an) of elements in A for which Y = (J;2, V(a|n) is empty, then
there is nothing more to show in this case. Otherwise, define

W(aln) = {z € X: F(z) Cc V(aln)},

and note that these sets form an open cover of X (some may be emtpy), with
W(aln) C W{(a|n + 1) for each sequence a = (a,). Now let H(a|n) C W(aln) be
closed sets in X satisfying the definition of a P(k)-space for the open sets W (a|n).
By (a), F(H(a|n)) is a generalized F,-set in Y, and so there are F,-sets K(a|n) in
Y such that

F(H(aln)) C K(a|n) C V(aln)

for each finite sequence aln = ay,...,a, in A. It is routine to check that
oo e o]
U V(aln) =Y implies U K(a|n) =Y.
n=1 n=1

This proves that Y is a P(k)-space. O
2.7 PROOF OF THEOREM 5. Let X be a P(w)-space, let Y be a Lindelof -
space, and let p denote the projection map X x Y — X. Given an arbitrary locally
finite family in X x Y, say
{E(d):d € D},

we need to show there exist (index) locally finite families

{E(d,n):d € D}
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in X, for n = 1,2,..., such that p(E(d)) is the union of {E(d,n):n =1,2,...} for
each din D.

Let {F(1),F(2),...} be a sequence of closed sets in Y and C a cover of Y by
compact sets as in the definition of a Lindelof L-space. Let W be an open cover of
X xY, closed to finite unions, such that each member of W meets only finitely many
of the sets E(d). For each finite sequence a,...,a, of natural numbers define

F(aln) = () F(ay).

1=1

Via;) = U{V V is open in X and V X F(a;) C W for some W € W},

V(aln) = U Viay).

The family of open sets V (a|n) is easily seen to be an open cover of X with V (a|n) C
V(a|n+ 1), for each a|n, and so there exist corresponding closed sets H(a|n) which
cover X and satisfy the definition of a P(w)-space (2.3).

For each a|n we define

E(d,aln) = p[(H(a|n) x F(aln)) N E(d)],
for each d in D, and proceed to show that
@) plE(d)] = | E(d, aln),

aln

and

where the union is over all a|n, and also that
(i) {E(d,a|n):d in D} is locally finite in X,

for each a|n. Since the set of all such finite sequences a|n is countable, this will
complete the proof of Theorem 5.

To prove (i), suppose (z',y’) belongs to E(d), for a given d, and let C’ be some
member of C containing y’. Let a’ denote the sequence

{al,;n=1,2,...} ={a:C' C F(a)}.

For any z in X, since W is an open cover of X x Y closed to finite unions, we have
{z} x C" c W, for some W in W, and so

{z} xC'CcUxV W

for open sets U D {z} and V' D C’. Thus, for some al,, we have C’ C F(al,) C V,
and so z belongs to V(a'|n). This shows that X is the union of the sets V( 'In),
and hence also the sets H(a'|n), for n = 1,2,.... It follows that (z',y’) belongs
to H(a'|n) x F(a’|n), for some n, proving that =’ belongs to E(d,a’|n). Since the
reverse inclusion is obvious, that completes the proof of (i).

To prove (ii) it suffices to show that the family {E(d,a|n):d in D} is locally
finite relative to each of the closed subspaces H(a|n) of X. Fix a|n and z in
H(al|n). Since H(a|n) is contained in V(a|n), = has an open neighborhood V' such
that V' x F(aln) C W, for some W in W. Now it is easy to check that if V meets
E(d,aln), then V x F(a|n) will meet E(d). As W can meet E(d) for only a finite
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number of indices d, it follows that V' can meet E(d, a|n) for at most finitely many
d.

Finally, suppose, in addition, X is a subparacompact space. By a theorem of
D. J. Lutzer [8], the product space X x Y is subparacompact. Thus, if S is a
generalized F,-set in X x Y, then S is subparacompact in X x Y by Theorem 3,
hence p(S) is subparacompact in X by Theorem 4, and so p(S) is a generalized
Fy-set in X, by a second application of Theorem 3. 0O

2.8. EXAMPLE. As observed in the introduction, the assumption that Y is
Lindeldf in Theorem 5 cannot be omitted (even when Y is discrete and X = [0, 1]).
As for the assumptions on X, let M be the set of real numbers topologized so
that the irrationals are discrete and the rationals have their usual neighborhoods.
This space is hereditarily paracompact and Hausdorff [10], and the product of M
with the space P of irrational numbers is hereditarily both subparacompact and
metacompact [2, Example 6.4]; but M x P is not normal [10]. Now every subset of
M is an Fys-set, as is easy to see, and so is the image of a closed set of M x P under
the projection map (since this is true of any Souslin subset). If this projection map
were index-o-locally finite, each subset of M would be a generalized F,-set in X
(by 2.6 above). In particular, the open set of irrational points would be an F,-set
in M. This implies that the set of rational points is a Gg-set in M, and hence also
in the reals, but this would contradict the Baire category theorem. O

2.9. PROOF OF THEOREM 6. Suppose X is a space such that, for all Y C P,
X x Y is subparacompact, and the projection p: X x Y — X is index-o-locally
finite. For each finite sequence aln = ay,...,a, of natural numbers let V (a|n) be
an open set in X such that the collection {V'(a|n)} covers X as in the definition
of a P(w)-space (2.3). Recall that the space P can be identified with the product
of countably many copies of the space N of natural numbers, and we assume that
this identification has been made. Thus let Y be the set of all points a = (a,) in
P such that X is the union of the sets V (a|n), for n = 1,2,.... Let Y(a|n) denote
the set of all points b in Y such that bjn = a|n, and note that these sets form a
countable open base for Y. It follows that the collection

{V(aln) x Y(aln):ainY andn=1,2,...}

is an open cover of the subparacompact space X xY. Accordingly, by taking unions
of members of a o-discrete closed refinement of this cover, we can obtain a family
of F,-sets F(a|n) which cover X X Y and satisfy

F(aln) Cc V(a|n) C Y(a|n)

for each a|n. By Theorems 3 and 4, p[F(a|n)] is a generalized Fy-set in X; thus we
can find an F,-set H(a|n) in X such that

plF(aln)] C H(aln) C V(aln)

for each aln. Clearly, the sets H(a|n) cover X. Moreover, for any = in X and a
in Y, (z,a) belongs to some F(bn) (since these cover X x Y), and this implies
that a|n = b|n, since a must belong to Y (b|n); consequently, z is in p[F(a|n)],
proving that X is the union of the sets H(a|n) (n = 1,2,...) for each a in Y. This
proves that X is a P(w)-space. Since X x Y is a subparacompact space, X is also
subparacompact. 0O

The above results now make it easy to prove Theorem 1.



TOPOLOGICAL PROPERTIES OF SOUSLIN SUBSETS 621

2.10. PROOF OF THEOREM 1. Let X be a subparacompact P(w)-space. By
Theorem 5, the projection map onto X parallel to the space P of irrational numbers
takes generalized F,-sets in X x P to generalized F,-sets in X. Since S is a Souslin
set in X if, and only if, S is the projection of a closed set in X x P (see, e.g., [7,
2.6]), it follows that every Souslin set in X is a generalized F,-set. O

2.11. PROOF OF THEOREM 7. (a) Let S be a Souslin subset of the ¥-space X.
Since X-spaces are P-spaces [14, Theorem 2.7, the projection map X x P — X
will be index-o-locally finite by Theorem 5, hence so will the restriction of this map
to any closed subspace of X x P. It follows that S is a continuous index-o-locally
finite image of a Y-space, and thus (as is easily shown) is itself a X-space (cf. [12,
Theorem 8.1]). The same proof shows that a Souslin subset of a strong Y-space is
a strong Y-space, since X x P will be a strong E-space by (8, Proposition 2.5].

(b) Suppose S is a Souslin subset of a realcompact space X (completely regular
Hausdorff). If X’ is a compactification of X, then S has the form S’ N X for some
Souslin subset S’ of X’. Since S’ is Lindelof [3, Lemma 9.10], S’ is realcompact,
and so S is realcompact as the intersection of two realcompact subspaces of X’
(cf. the proof of Theorem 9.10 of [3]). The same proof works for the propety of
topological completeness.

(c) That each of the properties listed is hereditary with respect to F,-subsets
is known (see, e.g., [4 and 2, Theorem 7.1]). It is an easy exercise to show that
these properties are also hereditary with respect to generalized Fy-subsets (cf. [9,
p. 836]). If X is any subparacompact P(w)-space, the conclusion now follows from
Theorem 1. O

2.12. PROOF OF THEOREM 2. This clearly follows from 2.11 and 2.6 part
(b). DO

2.13. PROOF OF THEOREM 8. Let X be a subparacompact P(w)-space, and
let S be a Souslin subset of X. By Theorem 1, S is a generalized Fj,-set in X.

(a) If S =N G(n) (n=1,2,...), where each G(n) is open in X, then there are
F,-sets F(n) satisfying S C F(n) C G(n), and it follows that S is an F,s-set in X.
If X is also normal, the sets F(n) can be chosen to be open F,-sets (4, p. 84], and
thus S will be a countable intersection of cozero-sets.

(b) This is clear from the proof of (a).

(c) This follows immediately from (b).

(d) This follows from the fact that a generalized F,-set S in a normal space X
is z-embedded in X [1, Theorem 7.13], that is, the zero-sets of S are precisely the
sets of the form Z NS where Z is a zero-set in X. The corresponding property for
all Baire sets now follows. O

2.14. EXAMPLES. We conclude by indicating how standard examples can be
used to show that the properties listed in part (c) of Theorem 7 are not in general
hereditary with respect to F,s-subsets.

Let P denote the class of all regular spaces having a given property of the type
mentioned. If X belongs to P and Y is o-compact, then X x Y belongs to P [2,
Theorem 6.1]. Consequently, if X belongs to P but X x P does not, then X x P
is an F,s-subset of X x R of the desired type (where P is the space of irrationals
and R the space of reals). For example, if M is the space described in 2.8 above,
then M x P is a nonnormal F,s-subset of the paracompact space M x R. 0O
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